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RECURRENT SURFACE HOMEOMORPHISMS
BORIS KOLEV AND MARIE-CHRISTINE PE´ROUE`ME
Abstract. An orientation-preserving recurrent homeomorphism of the
two-sphere which is not the identity is shown to admit exactly two fixed
points. A recurrent homeomorphism of a compact surface with negative
Euler characteristic is periodic.
1. Introduction
A homeomorphism f of a compact metric space (X, d) is recurrent if it
admits iterates arbitrarily close to the identity, i.e. if there exists a sequence
nk → +∞ such that
d (fnk , Id)→ 0 as k → +∞
This notion is in fact independent of the metric d which defines the topol-
ogy on X, and is invariant under topological conjugacy. The set of recurrent
homeomorphisms of X includes periodic homeomorphisms and more gener-
ally regular homeomorphisms [1, 8], i.e. homeomorphisms such that the
sequence of all iterates forms an equicontinuous family:
∀ε > 0, ∃η > 0; d(x, y) < η ⇒ d(fk(x), fk(y)) < ε, ∀k ∈ Z.
In the case of the two-sphere S2, regular homeomorphisms have been
completely classified by Kere´kja´rto´. They are conjugate to the restriction of
Euclidean isometries of the ambient 3-space [1, 5, 10, 11].
In [13], Kere´kja´rto´ asked if a non-periodic, orientation-preserving, recur-
rent homeomorphism of the sphere is always conjugate to an irrational rota-
tion. The answer is now known to be false. In [7], Fokkink and Oversteegen
gave an example of a periodic-point free, recurrent homeomorphism of the
annulus which is not conjugate to an irrational rotation. A similar construc-
tion gives an orientation-preserving, recurrent homeomorphism of S2 with
just two fixed points (and no other periodic points) that is not conjugate to
an irrational rotation. In that example, the homeomorphism leaves invari-
ant, a non-locally connected continuum H with a dense orbit even if it is not
minimal: the orbit closure of each point contains a fixed point. Besides the
fact that recurrence does not imply regularity, this example shows that the
collection of orbit closures may not even form a partition of S2. However,
we will establish here the following result:
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Theorem 1.1. A non-trivial, orientation-preserving and recurrent homeo-
morphism of the sphere S2 has exactly two fixed points.
An immediate corollary of Theorem 1.1 is that an orientation-preserving,
recurrent homeomorphism of the closed disc D2 which is the identity on the
boundary is the identity on the whole disc. This is the main ingredient used
by Oversteegen and Tymchatyn in [16] to show that a recurrent homeomor-
phism of the Euclidean plane R2 is periodic. However, we do not think that
Theorem 1.1 can be proved by a simple rephrasing of the arguments in [16]:
one could expect to deduce Theorem 1.1 from the result of Oversteegen and
Tymchatyn applying the arguments of section 4 to the non-compact surface
M obtained by removing the fixed points of a recurrent homeomorphism of
the sphere. The homeomorphism obtained in such a way is clearly recurrent
for the induced, restricted metric on M but not necessarily for a hyperbolic
metric on M . Notice that the analogous statement is false in a simpler case:
if one removes one or two fixed points of an irrational rotation of the sphere,
the induced homeomorphism on M (the plane or the open annulus) is cer-
tainly not recurrent for the euclidean metric, otherwise it would be periodic
by [16]. Moreover, our proof relies on a simple property: the fact that a
homeomorphism is recurrent is inherited by the induced homeomorphism
on prime ends. Up to our knowledge, this elementary idea has not yet been
pointed out in the literature.
Even if he does not seem to have published any proof of it, Kere´kja´rto´
announced in [13] that a recurrent homeomorphism of a closed, orientable
surface of genus g > 1 is periodic. This result is a corollary of Theorem 1.1
as we shall see in section 4. As noted by Kere´kja´rto´ in [12], this implies in
particular that a homeomorphism of a compact surface with negative Euler
characteristic cannot be topologically transitive provided it has at least one
regular point.
The paper is organized as follows: in section 2, we review required material
from prime ends’ theory. For the proofs in this section, we refer the reader
to the works of Epstein [6] or Mather [14]. The proof of Theorem 1.1 is
given in section 3. Section 4 contains several corollaries concerning recurrent
homeomorphisms of other surfaces orientable or not.
2. Prime ends
Let U be an open, connected subset of the sphere S2. For a set A ⊂ U
we let Cl(A) be its closure in S2, ClU (A) be its closure in U , Bd(A) be its
boundary in S2 and BdU(A) be its boundary in U .
Definition 2.1. A topological chain is a sequence Ω = (Ωi)i∈N of open
subsets of U such that:
(1) Ωi and BdU (Ωi) are non-empty connected sets;
(2) ClU(Ωi+1) ⊂ Ωi
(3) Cl(BdU(Ωi)) ∩ Cl(BdU (Ωj)) = ∅ if i 6= j;
(4) there exists a point x ∈ Cl(U), the principal point of Ω, such that
x /∈ Cl(BdU(Ωi)), for all i and BdU (Ωi)→ x as i→∞.
Two chains Ω and Ω′ are equivalent, denoted by Ω ≃ Ω′, if they divide
each other, i.e. if for all i there exists j such that Ω′j ⊂ Ωi and Ωj ⊂ Ω
′
i.
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The set of all topological chains equivalent to a given chain Ω is called the
prime point defined by Ω, and we write e = [Ω], or Ω ∈ e. We denote the
set of all the prime points of U by Uˆ .
The set of principal points of chains Ω ∈ e is called the principal set of
e, which we denote by X(e). Let e be a prime point, and let Ω be any
topological chain that defines e. The set
Y (e) =
⋂
i∈N
Cl(Ωi)
depends only on e, and is called the impression of e. It can be shown [6, 14]
that Y (e) and X(e) are continua (i.e. non empty, compact, connected sets).
Given x ∈ U , choose any sequence of open discs (Di)i∈N such that
Cl(Di+1) ⊂ Di ⊂ U and
⋂
i∈N
Cl(Di) = {x} .
The sequence (Di)i∈N is a topological chain, and the prime point ω(x) which
it defines depends only on x, and not of the particular decreasing sequence
(Di)i∈N. Moreover, we have that
X(ω(x)) = Y (ω(x)) = {x} .
This allows us to define a one-to-one map x 7→ ω(x) from U into Uˆ , and to
consider U as a subset of Uˆ . A prime point which is not in ω(U) is called
a prime end, and it is characterized by the fact that Y (e) ⊂ Bd(U) (see
Lemma 2.5 of [6]).
A point x ∈ Bd(U) is accessible (from U) provided that there exists a
path γ : [0, 1[→ U such that γ (t)→ x as t→ 1. The set of accessible points
is dense in Bd(U). If S2\U is the union of a finite number of non-degenerate
continua, we have the following lemma.
Lemma 2.2. For each accessible point x ∈ Bd(U), there exists a prime end
e ∈ Uˆ \ U such that X(e) = {x}
For any open set V ⊂ U , we define
Vˆ =
{
[Ω] ∈ Uˆ ; Ωi ⊂ V, for some i
}
.
With these notations, we get
Vˆ ∩ Wˆ = V̂ ∩W,
and
Vˆ ∪ Wˆ ⊂ V̂ ∪W.
Therefore, the family (Vˆ )V⊂U is a basis for a topology τ on Uˆ . It follows
from the definition of this topology that:
(1) if e = [Ω] then (Ωˆi)i∈N is a basis of neighborhoods of e,
(2) ω : U → Uˆ is a continuous, open map, and ω(U) is a dense open
subset of Uˆ .
The following theorem is a generalization of a theorem due originally to
Carathe´odory [4] for a simply connected domain.
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Theorem 2.3 ([6], Theorem 6.6). Let U be an open subset of the sphere
S2 such that S2 \ U is the union of a finite number p of non-degenerate
continua. Then, Uˆ , the prime end compactification of U is homeomorphic
to a compact surface of genus 0 with p boundary components.
Suppose now that we are given a self-homeomorphism f of the pair S2,
such that f(U) = U . For each topological chain Ω with principal point
x, f(Ω) = (f(Ωi))i∈N is a topological chain with principal point f(x) and
Ω′ ≃ Ω if and only if f(Ω′) ≃ f(Ω). Hence f induces a homeomorphism fˆ
on Uˆ such that:
(1) for each V ⊂ U , fˆ(Vˆ ) = f̂(V ),
(2) for each e ∈ Uˆ , X(fˆ(e)) = f(X(e)),
(3) for each e ∈ Uˆ , Y (fˆ(e)) = f(Y (e)).
Clearly, if x ∈ U is a fixed point of f then ω (x) is a fixed point for f . But
in general, nothing can be said about fixed prime ends from the existence of
fixed points of f lying on Bd(U). Moreover, there are simple examples which
show that f may have fixed points on Bd(U) although fˆ has no fixed point
at all. However, if e is a fixed prime end and X(e) = {x} then f(x) = x
since
{f(x)} = X(fˆ(e)) = X(e) = {x} .
The following result, which we state without proof, is a consequence of
Lemma 2.2 and of the density of accessible points in Bd(U).
Corollary 2.4. Let f be a homeomorphism of S2 and U an invariant open
set such that S2 \ U is the union of a finite number of non-degenerate con-
tinua. If fˆ = Iˆd on Uˆ \ ω(U), then f = Id on Bd(U).
The following lemma is new. The fact that a homeomorphism is recurrent
is inherited by the induced homeomorphism on prime ends seems not to have
been pointed out in the literature, before.
Lemma 2.5. Let f be a recurrent homeomorphism of the sphere S2 and U
an invariant open set, such that S2 \ U is the union of a finite number of
non-degenerate continua. Then, the homeomorphism fˆ induced by f on Uˆ
is recurrent.
Before giving the proof of this result, we recall an elementary lemma of
topology widely used in the theory of prime ends [14].
Lemma 2.6. Let A and B be open subsets of a topological space X. Suppose
that X, A, B, BdX(A) and BdX(B) are non-empty connected sets, and that
BdX(A) ∩BdX(B) = ∅. Then exactly one of the following situations holds:
(1) X = A ∪B,
(2) ClX(A) ∩ClX(B) = ∅,
(3) ClX(A) ⊂ B,
(4) ClX(B) ⊂ A.
Proof of Lemma 2.5. We fix a metric on the compact surface of finite type
Uˆ , and to avoid any confusion with the metric d on U , we denote it by α.
Choose a sequence (nk) such that
d(fnk , Id)→ 0
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on Cl(U). Let ε > 0, e ∈ Uˆ and Bα (e, ε) be the ball of radius ε around e.
For any chain Ω = (Ωi)i∈N that defines e, we have Ωˆi ⊂ Bα (e, ε), for large
enough i. Hence we can assume that Ωˆ1 ⊂ Bα (e, ε).
For k large enough, say for k greater than some integer k(e, ε), the hy-
pothesis of Lemma 2.6 applies to the sets X = U , A = Ω1 and B = f
nk (Ω2).
The only possibility among the four alternative is the fourth one and so
fnk(Ω2) ⊂ Ω1 for all k ≥ k(e, ε).
Therefore, we have found a neighbourhood Ve = Ω̂2 of e, and an integer
k(e, ε) so that
Ve ⊂ Bα(e, ε) and fˆ
nk(Ve) ⊂ Bα(e, ε),
for all k ≥ k(e, ε). Since Uˆ is compact, only a finite number of Ve, say
Ve1 ,Ve2 , · · · ,Ver , are necessary to cover Uˆ , and hence, for
k ≥ max {k(e1, ε), k(e2, ε), . . . , k(er, ε)} ,
we have α (fnk , Id) ≤ 2ε. In other words, fˆ is recurrent. 
3. Proof of the main proposition
The proof of Theorem 1.1 relies heavily on the construction, for every
fixed point of f , of arbitrarily small, invariant, non degenerate continua
containing the fixed point: the so-called Birkhoff construction.
Lemma 3.1 (Birkhoff Construction). Let f be a recurrent homeomorphism
of the sphere S2, x0 a fixed point of f and D, a topological disc, containing
x0, and bounded by a simple closed curve c. There exists a simply-connected
continuum K, such that:
(1) x0 ∈ K ⊂ Cl(D),
(2) f (K) = K,
(3) K ∩ c 6= ∅.
Proof. We define inductively a decreasing sequence of Jordan domains, Dn,
by the following properties
(1) D0 = D,
(2) Dn+1 is the connected component of x0 in f(Dn) ∩D0.
That each Dn is a Jordan domain can be established by induction on n:
if f(Dn) ⊂ D0 or D0 ⊂ f(Dn), there is nothing to prove. Otherwise, the
two simple closed curves Bd(D0) and f(Bd(Dn)) have at least two common
points and Dn+1 is a Jordan domain (cf. Theorem 16.3 of [15]).
As the intersection of decreasing discs, the set
K =
⋂
n∈N
Cl(Dn)
is a simply-connected continuum. It is contained in Cl(D) and contains x0.
Moreover K ⊂ f(K) and since f is recurrent this implies f(K) = K.
It remains to show that K ∩ c 6= ∅, the proof of which is a consequence
of the intersecting curve property, verified by a recurrent homeomorphism.
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Suppose on the contrary that K∩c = ∅. In that case, we can find an integer
n0 ≥ 0 such that
Cl(Dn0+1) ∩ c = ∅
and hence
Bd(Dn0+1) ⊂ Bd(f(Dn0)),
which leads to
Dn0+1 = f(Dn0).
But then, we have
Bd(Dn0+2) ⊂ Bd(f(Dn0+1)) = Bd(f
2(Dn0)),
and hence
Dn0+2 = f
2(Dn0).
Iterating the process inductively, we obtain that
Dn0+i = f
i(Dn0),
for all i ≥ 0, and hence that
K =
⋂
i∈N
Cl(f i(Dn0)).
But then K ∩ cn0 6= ∅, otherwise, we could find k ∈ N such that
Cl(fk(Dn0)) ∩ cn0 = ∅,
which is not possible since f is recurrent. Moreover, since
cn0 ⊂ c ∪ f(c) ∪ · · · ∪ f
n0(c),
and f(K) = K, the existence of a point inK∩cn0 would lead to the existence
of a point in K∩c, which gives a contradiction and completes the proof. 
Proposition 3.2. Let f be a recurrent, orientation-preserving homeomor-
phism of the sphere S2. If f has three fixed point, then Fix(f) is connected.
Proof. Suppose on the contrary that Fix(f) is not connected. Then, we can
write
Fix(f) = X ∪ Y,
where X and Y are two disjoint, non-empty closed sets. Let x ∈ X and
y ∈ Y . We can find a Jordan curve c, in the complement of Fix(f) = X∪Y ,
which separates x from y (see [15] or [17]). Let Dx (resp. Dy) be the
component of S2 \c which contains x (resp. y). By hypothesis, f has a third
fixed point, and hence, at least one component of S2\c, say Dx, contains two
fixed points x and z. Let J ⊂ Dx be a simple closed curve which separates
x and z in Dx, and let ∆x be the component of S
2 \J that contains x. Using
the construction of Lemma 3.1, first for x and ∆x and then for y and Dy, we
obtain two disjoint, invariant, non-degenerate, simply connected continua
Kx and Ky such that
∅ 6= Ky ∩ c ⊂ Bd(Ky) ∩ c ⊂ S
2 \ Fix(f)
The set U = S2\(Kx∪Ky) is an open topological annulus which contains z
and which is invariant under f . According to Theorem 2.3, Uˆ is homeomor-
phic to a closed annulus and due to Lemma 2.5, the induce homeomorphism
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fˆ is recurrent. Moreover, fˆ is orientation-preserving, boundary-preserving
and has a fixed point ω(z).
In general, a lift F of fˆ to R × [0, 1] needs not be recurrent. However if
we choose a lift F which has a fixed point, it is recurrent. Therefore, on
each line R× {i}, (i = 0, 1), F is the identity. Hence fˆ itself is the identity
on Uˆ \ U and according to Corollary 2.4, f is the identity on Bd(U). But
Bd(U) meets c which lies in S2 \ Fix(f). This gives a contradiction and
completes the proof. 
Proof of Theorem 1.1. Let f be an orientation-preserving homeomorphism
of S2. According to Brouwer’s fixed point theorem for the sphere, f has
at least one fixed point x. Moreover, if f is recurrent then f induces an
orientation-preserving homeomorphism of
S2 \ {x} ≃ R2
for which each point is recurrent. According to Brouwer’s lemma on trans-
lation arcs [2, 9], which asserts that all points of an orientation-preserving,
fixed point free homeomorphism of the plane are wandering, f has necessar-
ily a second fixed point y.
Suppose that f has a third fixed point. According to Proposition 3.2,
Fix(f) is connected. Hence, each component of S2 \ Fix(f) is a simply
connected domain of S2 homeomorphic to the plane R2.
According to a result of Brown and Kister [3], an orientation-preserving
homeomorphism of the sphere leaves invariant each component of the com-
plement of its fixed point set.
Hence, if Fix(f) 6= S2 there exists a component U ≃ R2 of S2\Fix(f) such
that f(U) = U and Fix(fU ) = ∅. But each point of U is recurrent under
f , this is once again a contradiction with Brouwer’s lemma on translation
arcs. This completes the proof of Theorem 1.1. 
Corollary 3.3. A recurrent orientation-reversing homeomorphism of the
sphere which has a fixed point is an involution.
Proof. Let f be a recurrent, orientation-reversing homeomorphism of the
sphere. Suppose that f has a fixed point x but f2 6= Id. According to
Theorem 1.1, f2 has only two fixed points x and y and since f(x) = x, we
must have
Fix(f) = {x, y} .
The Birkhoff’s construction may be applied to obtain two distinct, f -invariant,
simply connected continua Kx and Ky. As described in sections 2 and 3, f
induces a recurrent, orientation-reversing homeomorphism fˆ on the prime
end compactification of S2 \ (Kx ∪Ky) which is a closed annulus.
Since fˆ preserves the boundary component of this annulus and reverse
the orientation, it must have a fixed point according to the Lefschetz trace
formula. Hence, fˆ2 must be the identity on the boundary of the annulus.
But this implies that f2 = Id on Bd(Kx∪Ky) which leads to a contradiction
as in the proof of Theorem 1.1. 
Corollary 3.4. A non trivial, recurrent, orientation-preserving homeomor-
phism of the disc has a unique fixed point. A recurrent, orientation-reversing
homeomorphism of the disc is an involution.
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Proof. Taking the double of a recurrent, orientation-preserving homeomor-
phism of the disc, we obtain at once the first part of Corollary 3.4 as a
consequence of Theorem 1.1. Let us now consider a recurrent, orientation-
reversing homeomorphism f of the disc. As an orientation-reversing home-
omorphism of the circle, the restriction of f to the boundary of the disc has
a fixed point and hence f2 = Id on the boundary of the disc. By previous
considerations, this leads to f2 = Id and completes the proof. 
4. Recurrent homeomorphisms of surfaces
Let M2 be a closed orientable surface of genus g > 1 and pi : M˜2 → M2
the universal cover of M2. We can identify M˜2 either to the euclidean plane
R2 or to the Poincare´ disc D in such a way that M2 is homeomorphic to
the quotient of M2 by a discrete subgroup Γ of euclidean translations or
hyperbolic isometries according to whether M2 is R2 or D. The metric we
shall use on M2 is the quotient metric on M2/Γ defined by
d (pi (x) , pi (y)) = inf
g,h∈Γ
d˜ (g.x, h.y) ,
where d˜ is the natural metric on M˜2.
There is another metric on M˜2 that we shall use in the following, namely
the spherical metric. The Alexandroff compactification M˜2 ∪{∞}, is home-
omorphic to the sphere S2. The standard metric of S2 induces a metric ∂
on M˜2 that we call the spherical metric. These two metrics d˜ and ∂ are
not uniformly equivalent on M˜2 but Id :
(
M˜2, d˜
)
→
(
M˜2, ∂
)
is uniformly
continuous.
Lemma 4.1. Let f be an orientation-preserving recurrent homeomorphism
of a closed orientable surface M2 of genus g > 1. If f has a fixed point and
acts trivially on pi1(M
2) then f = Id.
Proof. A lift of a recurrent homeomorphism of M2 needs not be recurrent
in general. However, a lift f˜ which has a fixed point is recurrent for the
metric d. The fact that Id : (M˜2, d˜) → (M˜2, ∂) is uniformly continuous
is enough to ensure that the extension of f˜ to S2 (letting f˜(∞) = ∞) is
recurrent for the metric ∂. Moreover if f acts trivially on pi1(M
2), f˜ has
infinitely many fixed points since it commutes with all covering translations
and hence f˜ = Id according to Theorem 1.1. 
Corollary 4.2. A recurrent homeomorphism of a compact surface with neg-
ative Euler characteristic is periodic.
Proof. We first note that if the boundary of M2 is not empty, the natu-
ral extension of f to the double DM2 of M2 is still recurrent and since
χ(DM2) = 2χ(M2), we are reduced to prove Corollary 4.2 for closed sur-
faces. Moreover, by passing to the orientation covering of M2 and consider-
ing f2 instead of f if necessary, we may assume that M2 is orientable with
genus g > 1 and that f is orientation-preserving. Recall then that every
homeomorphism of M2 which is close enough to the identity must be ho-
motopic to the identity. Hence, since f is recurrent we can find a positive
integer n such that fn is homotopic to the identity. The Lefschetz number
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of g = fn is thus L(g) = χ(M2) < 0 and g has a fixed point. According to
Lemma 4.1, we must have then g = Id which completes the proof. 
Remark 4.3. We emphasize on the fact that Corollary 4.2 is false for surfaces
with non negative Euler characteristic. Indeed, the example of [7] can be
modified to exhibit non-regular, recurrent homeomorphisms on the projec-
tive plane, the torus, the Klein bottle, the annulus, the Mo¨bius strip or the
disc. However, for surfaces with χ(M2) = 0, namely the torus, the Klein
bottle, the annulus and the Mo¨bius strip, the proof of Corollary 4.2 shows
that the existence of a periodic point for a recurrent homeomorphism implies
that this homeomorphism is periodic itself.
Corollary 4.4. A non-trivial, recurrent homeomorphism of the projective
plane P2 admit a unique fixed point or is an involution.
Proof. We shall use as model for the real projective plane P2, the quotient
of the sphere S2 by the involution θ : x 7→ −x. Let f be a recurrent
homeomorphism of the projective plane P2. f has two lifts on S2 which
commute with θ. One of them f˜+ is orientation preserving and the other
f˜− = θ ◦ f˜+ is orientation-reversing. f˜+ has a fixed point and is therefore
recurrent as we have already noticed. Therefore, if f is not trivial, f˜+ has
exactly two fixed point x and θ(x) which project down to one fixed point of
f . Hence, the existence of a second fixed point of f implies that f˜− has a
fixed point and is therefore recurrent. It must satisfy f˜2
−
= Id according to
Corollary 3.3. This shows that f must be an involution and completes the
proof. 
Remark 4.5. Recall that a regular point for a homeomorphism f on a com-
pact metric space (X, d) is a point at which the family of all the iterates
{fn; n ∈ Z} is equicontinuous. As noted in the introduction, Corollary 4.2
is the key argument to show that a homeomorphism of a compact surface
with negative Euler characteristic which has a regular point cannot be topo-
logically transitive and hence cannot be ergodic with respect to an invariant
measure µ such that µ(U) > 0 for all open sets U . Indeed, the orbit of a
regular point cannot be a dense set, otherwise the homeomorphism is recur-
rent, and hence periodic, which gives a contradiction. But the presence of a
regular point with a non dense orbit implies existence of proper, non empty
invariant open sets.
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